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I. INTRODUCTION
It is of practical interest for plasma devices to seek enhanced density of plasma sources, which
typically requires consideration of space-charge (SC) limit for a diode structure. SC limited current
density describes the maximal current density allowed to transport through a diode, for a time-
invariant injection from the cathode. For a diode with a gap spacing of d and a diode voltage of φg,
this is known as the well-known Child-Langmuir law1–3. This law extends to the more general case
of nonzero initial velocity v04,5 and the relativistic regime6–10 when the voltage potential becomes
relativistic. In recent years the efforts to achieve a higher electron flow have been very active, in
both classical and relativistic regimes11,12. Note that self-magnetic effect and inductive effect can
both be additional factors to suppress SC limit12.
There has been recent interest in investigating whether an injection of time-varying current den-
sity can contribute to a larger current density that is transmittable across the diode space13–21. On
the other hand, time-varying current emission through the diode anode arises naturally even when
the injection current density is time-invariant, with the diode voltage being fixed. For example,
a recent work based on 1D charge sheet model investigated how the temporal interval becomes
distorted due to space-charge effect22. Another recent work13 used a characteristic method to solve
the 1D pressureless Euler-Poisson equations and achieved an over-classical limit by varying the
anode boundary voltage with time, although the relevant characteristics are not solvable in a closed
form for arbitrary temporal profiles of injection. Therefore, a general treatment for time-varying
flow of electrons is demanded. In this work, we address the practical issue of time-varying injec-
tion current by solving the same 1D pressureless Euler-Poisson equations, in order to unfold the
physics of time-varying injection flow of electrons. According to our simulation, it seems unlikely
that one can transmit a time-varying injection j(t) across the diode that is time-averagely higher
than the conventional SC limited current density, in both classical4 and relativistic regimes8,23. In
our paper, the electrons are injected into the diode gap following the prescribed time profiles. It
is assumed that SC limit is reached when reflection occurs24. Then the average current densities
flowing through the anode are computed and compared to the previous known SC limits. This
approach is also extended to the relativistic regime8 when the diode voltage or the initial velocity
become relativistic, and the same negative result prevails.
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II. PROBLEM AND METHOD
In this section, we describe the problem of electron flow in a 1D diode structure depicted in
Fig. 1 in the classical regime, and the numerical approach to determine the SC limit. They are also
extended to the relativistic regime when the initial velocity becomes comparable to the speed of
light, or when the relativistic diode voltage becomes comparable with the rest energy of electrons.
A. Classical regime
Consider a diode with a gap of spacing d and a fixed boundary potential difference φg between
the cathode and anode. The electrons are injected from the cathode (x = 0) with a forced time-
varying current density of j0(t)25 over a pulse length τp. We take the pulse length τp to be longer
than the transmit time. The 1D pressureless Euler-Poisson equations for the electron flow in a
diode can be written as
∂tρ + ∂x(ρv) = 0, (1)
∂tv + v∂xv = ∂xφ, (2)
∂2xφ = ρ, (3)
in which scaled quantities are used for position x, time t, velocity v, potential φ and charge density
ρ similar to the previous work13. Note that all primed ones variables in SI units are scaled into
unprimed ones to simplify the equations:
(x, t, v, φ, ρ) =
( x′
L
,
t′
L
,
v′
L/T
,
φ′
Φ
,
ρ′
R
)
, (4)
where L,T are the characteristic length and time, and the characteristic potential and density are
Φ = mL2/(eT 2),R = 0Φ/eL2 for simplicity13. An inflow boundary condition is used at x = 0,
φ = 0, v = v0, ρ(t) =
J0(t)
v0
, 0 ≤ t ≤ τp, (5)
to take into account the injection current density J0(t) at the cathode x = 0 (see Fig. 1). Note that
for a special case when v0 = 0, our algorithm can deal with it with a different inflow boundary
condition. More details will be elaborated in Subsec. III D. The outflow boundary condition used
at x = d is a fixed potential φ = φg.
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x = 0 x = d
φ(t, x = d) = φg
v(t ≤ τp, x = 0) = v0
j(t ≤ τp, x = 0) = J0(t)
φ(t, x = 0) = 0
Electron beams
Cathode Anode
FIG. 1. Schematic: 1D diode model of voltage difference φg and spacing d. Time-dependent injection
current density J0(t) up to finite time 0 ≤ t ≤ τp emits from the cathode, and is dragged towards the anode
with initial velocity v0. The blue color indicates the electron beams in the diode spacing.
The space-charge limited current density for time-invariant injection in scaled quantity can be
written as4,13
Jm =
2
9d2
(
v0 +
√
v20 + 2φg
)3
. (6)
For arbitrary J0(t) at cathode, a Lax-Friedrichs scheme coupled with a second-order Poisson solver
provides insight into solving the system numerically in MATLAB. In Sec. III the numerical solutions
are used to observe how the charge density and diode potential along diode space d vary with time.
The magnitude of the injection density is increased from small to large, and we determine that SC
limit is reached when negative velocity just appears near cathode under injection of a certain
emission profile. Here we assume that emission profile J0(t) can be expressed as
J0(t) = βmJm · jm(t), (7)
where βm is the dimensionless magnitude and jm is a particular time-dependent profile assumed as
4
follows,
j0 = 1, (8)
j1 = 2t¯, (9)
j2 = 3t¯2, (10)
j3 = 2
(
1 − t¯), (11)
j4 = 3 − 3t¯2, (12)
j5 = −6t¯2 + 6t¯, (13)
j6 = 12
(
t¯ − 1
2
)2
, (14)
where the time is normalised by t¯ = t/τp. Compared with other temporal profiles, these polynomial
emission profiles are chosen based on the understanding that a smooth temporal function should be
expanded as a series of polynomials according to Taylor series. We first choose a steady function
(8), then monotonic increasing functions (9, 10), monotonic decreasing functions (11, 12), and
lastly a valley function (13) and a mountain function (14)26. We sweep magnitudes βm for each
m in profile jm(t) and decide the SC limit is reached when reflection just occurs, i.e. the velocity
becomes negative, within the pulse length 0 ≤ t ≤ τp. As a reference when the injection flow is
time-invariant m = 0, it is understood that β0 should be one which corresponds to the convectional
SC limit Jm of Eq. (6), while other βm’s generally differ from one.
In our simulations, we choose the electron beam length to be longer than the typical transmit
time of an electron across the spacing (cf. Figs. 2-3 below). This is for the following reason. In
empirical situations, one can only inject an electron beam of finite length. We thus do so in order
to understand the sole role of time-dependent injection. This long pulse condition is important as
when the temporal length of the electron beam becomes shorter than Child-Langmuir transmit time
3d/
√
2φg, the short-pulse limited current density can transcend Child-Langmuir limit already27.
Therefore we intensionally implement this long pulse condition in order to remove complication
resultant from the short-pulse effect27.
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B. Relativistic regime
In the relativistic regime, when v0 becomes comparable to light velocity c or the relativistic
diode voltage U := qφg/mc2 % 0.01, the charge density ρ become
ρ = γρ0, γ[v] :=
(
1 − v
2
cˆ2
)−1/2
. (15)
The 1D pressureless Euler-Poisson equations for relativistic electron flow are changed into
∂tρ + ∂x(ρv) = 0, (16)
γ3(∂tv + v∂xv) = ∂xφ, (17)
∂2xφ = ρ. (18)
Note that the relativistic equations are under the same scaling of Eq. (4). Therefore the light speed
cˆ = cT/L. For computational purpose, let L/T = 107m/s, so the light speed cˆ = 30 in this scale.
The details of the derivation are given in Appendix A. In the relativistic regime, the space-charge
limit for time-invariant injection is8
Jrm =
c3
2d2
[
G(U, γ0)
]2
, (19)
where G(U, γ0) :=
∫ U
0
( √
(u + γ0)2 − 1 −
√
γ20 − 1
)−1/2
du, U := φg/c2 and γ0 = γ[v0]. The same
approach will be used to find the SC limited current density for various time profiles as in the
classical case II A.
III. RESULTS
In this section, the numerical results are used to pinpoint the space-charge limit when the in-
jection is time-varying. To assess the space-charge effect with respect to the conventional Child-
Langmuir limit (6), we define two characteristic ratios: the scaled charge
q¯ :=
∫ τp
0
jA(t) dt∫ τp
0
J0(t) dt
, (20)
and the scaled current density
j¯ :=
∫ τ2
τ1
jA(t) dt
Jm(τ2 − τ1) , (21)
6
in which jA represents the current density at the anode, and τ1 and τ2 are the starting and finishing
time for jA being positive. In the classical case q¯ = 1 indicates the critical situation that all injected
charge has transmitted through the anode at the finishing time τp. Due to the leftover charge inside
the diode, this should generally be unreachable as confirmed in Fig. 3. In the relativistic case (see
(a, c, e) of Fig. 4), q¯ becomes larger than unity due to Lorentz length contraction28. Note j¯ ≥ 1
means that SC limited current density with time-varying pulse for each jm(t) profile is reached or
even transcended.
A. Classical case
We first demonstrate that the output current density jA(t) at the anode is typically time-
dependent, even when the injection current density is constant over the pulse. The numerical
results for the case m = 0 are presented in Fig. 2. In Fig. 2 (a), when β0 varies from 0.90 to 1.37,
the transmitted charge at the anode (dashed line) is almost identical to the emitted charge at cath-
ode. A careful check indicates that the smallest amount is 0.98. On the other hand in Fig. 2 (b),
as βm increases, the transmitted current density (red dashed) increases to the optimal value 89%
of the SC limited one (red solid line) Eq. (6) and then goes down until 86% (blue dashed line).
These observations are based on the ratios q¯ and j¯ defined in Eqs. (20) and (21). When magnitude
β0 increases more than 1.37, the whole beam starts to reflect and the space-charge limit is reached.
We further study three typical cases of β0 found from Fig. 2 (a), which are denoted in colored
circles. In Fig. 2 (b) the emitted currents at the cathode (dash lines) and the transmitted currents at
the anode (solid lines) of those three cases are presented in matching colors. The pulse length is
chosen to be τp = 4 in order to be longer than the time τ1 = 1.15 when the anode current becomes
positive. It is concluded that even when the injection flow is time-invariant, the transmitted flow
is time-dependent at the anode. Moreover, when the injection is smaller than space-charge limit
(denoted as the green asterisk in Fig. 2), the transmitted current is relatively uniform in time (the
black curves). When the injection is larger, the transmittance becomes damped around the central
region and electrons are shaped to high values at the pulse end (see red and blue curves therein).
When the pulse length is set longer as τp = 6, a larger current density can transmit across the
anode, seen in Fig. 2 (c). Similar saturation effect due to space-charge limit is observed for the
longer pulse length. The transmitted current density is extended in the central part of the pulse, as
the anode current density jA in Fig. 2 (b, d) show. To make a fair comparison, we choose τp = 4
7
in the rest classical simulations.
FIG. 2. (a, c) Scaled transmitted charge [cf. Eq. (20)] and scaled current density [cf. Eq. (21)]. (b,
d) Transmittance profiles [solid curves, color marked according to circle marks in (a, c)] at the anode for
time-invariant injection ones in classical regime. The injection profiles at the cathode are plotted in dashed
curves and the SC limit in green asterisks. Parameters: m = 0, v0 = cˆ/60; (a-b) τp = 4, (c-d) τp = 6.
Next, we study the time-varying injection of the cases m = 1 ∼ 6. All results for six time-
varying injection profiles are plotted in Fig. 3(a-l). The output density for time-varying injection
is again time-varying, similar to the constant injection case before. For each m there exists an
optimal magnitude βm that the transmittance researches the maximum, closest to SC limit in Eq. 6.
For example when m = 4 in Fig. 3 (g-h), the maximal transmittance reached at β4 = 0.54 (in
red circle) is about 90% of the space charge limit. If β4 is larger than 0.54, the transmittance
decreases. When β4 > 0.62 (see the blue circle in Fig. 3 (h)), the electron beam starts to reflect
towards the cathode and it is therefore determined that space charge limit has reached. The three
cases in Fig. 3 (h) indicates that the transmittance starts to damp in the central region due to the
clamping SC effect (the most pronounced for the blue curve). It shows that the SC effect dominates
the time-dependent electron flow before there would be a larger current density across the diode.
For all other profiles, similar clamping effects due to space charge repulsion are observed from
the results. Based on these simulations, we conclude that time-varying injection seem unlikely to
contribute more than the space-charge limit (6). This is the main result of this paper.
B. Relativistic case
In the relativistic regime, we demonstrate that time-varying injection cannot result in a trans-
mittance higher than its SC limit8. Let the anode voltage φg = 900, and U = φg/cˆ2 = 1 so that the
8
FIG. 3. (a, c, e, g, i, k) Scaled transmitted charge [cf. Eq. (20)], scaled current density [cf. Eq. (21)]. (b, d,
f, h, j, l) Transmittance profiles at the anode for time-varying injection ones. Other marks are the same as
Fig. 2. Parameters: v0 = cˆ/60, τp = 4, (a-b) m = 1; (c-d) m = 2; (e-f) m = 3; (g-h) m = 4; (i-j) m = 5; (k-l)
m = 6.
relativistic effect becomes noticeable. When the injection is time-invariant with v0 = cˆ/60, the
transmittance goes below the known SC limit (see Fig. 4 (a-b)). Note again that they are scaled
quantities following Ref.13, and all velocities are scaled with respect to L/T so light speed cˆ = 30.
When the injection becomes time-varying (m = 4 and v0 = cˆ/60 for example), the SC limit simi-
larly clamps the transmittance profiles as Fig. 4 (c-d) shows. The SC limit also holds when initial
velocity is changed to v0 = cˆ/10 (see Fig. 4 (e-f)). Fig. 4 (b, d, f) shows the transmittance profiles
become damped at the pulse trail when βm increases. Note that q¯ becomes larger than unity be-
cause the charge density ρ becomes denser due to the relativistic factor (cf. jA = ρAvA in Eq. (20)),
and this increasing effect becomes less significant as the injection magnitude βm increases (see
9
FIG. 4. (a, c, e) Scaled transmitted charge [cf. Eq. (20)] and scaled current density [cf. Eq. (21)]. (b, d,
f) Transmittance profiles at anode for injection ones in relativistic regime (m = 0, 4). Other marks are the
same as Fig. 2. Parameters: τp = 0.1, φg = 900. (a-b) m = 0, v0 = cˆ/60; (c-d) m = 4, v0 = cˆ/60; (e-f)
m = 4, v0 = cˆ/10.
Fig. 4 (a, c, e)).
C. Time-dependent quantities
More details can be observed from time-dependent plots of voltage potential φ(x, t) and charge
density ρ(x, t). Fig. 5 presents φ(x, t) and ρ(x, t) at three instantaneous time points for a classical
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case and a relativistic one in Fig. 5, when SC limit is reached respectively. We choose t = 2.63
and 0.053 to be the time when the injection current density become positive (cf. Figs. 3(g-h) and
4(c-d)) respectively. Fig. 5 shows that as the charge traverses the diode with time, the electric
field at the cathode can become positive (EC = −∂xφ) and space charge accumulates near cathode
to repel more electrons to emit. This is when SC limit dominates the electron flow process and
the virtual diode forms. It is also speculated that the zero cathode field EC = 0 is not a critical
condition for space charge limit for time-varying injection cases, as previous work6,22 consider
so. We speculate that time-dependent space-charge limit may involve more dynamic process of
virtual cathode than a static zero cathode field. In our simulation, it is observed that virtual diode
oscillation occurs when the scaled j¯ in Eq. (21) transcends unity. However, we do not include
them in Sec. III because the SC limit is always reached when j¯ remains under unity.
D. Caveat: null emission velocity v0 = 0
In the last example, we present the result of the special case when the emission velocity v0 is
zero. This example is compared with the time varying cases and serves as a validation case since
this case is well understood theoretically. The inflow boundary condition Eq. (5) at x = 0 becomes
φ = 0, v = v0, ρ(t) = βmσm(t), 0 ≤ t ≤ τp, (22)
where βm is also the dimensionless amplitude and σm(t) the particular time-dependent profiles
assumed for the inflow charge density. Note that we apply a slightly different inflow boundary
condition at x = 0. It is difficult to apply a boundary condition of a finite injection current density
with a null emission velocity at x = 0 in the current model. For such a case, a kinetic model
may be necessary to understand its limited current density. The same outflow boundary condition
φ = φg applies as in the nonzero injection velocity case. The particular profiles σm(t) are assumed
to be polynomial for the same reason as the injection current densities jm(t) in Eqs. (8-14). This
is the slightly different inflow boundary condition we apply in this subsection. Similar to Figs. 4,
we present a result in Fig. 6 for v0 = 0, ρ5(t) = β5σ5(t) as the inflow boundary condition, because
this represents a reasonable injection current density in pragmatic situations. First in Fig. 6(a), as
β5 increases, the scaled current density increases until 89% of the SC limit (cf. blue circle) and
most charge remains in the diode spacing at the time of τp (cf. q¯ << 1 on the left axis). Second at
β5 = 10.6, the transmittance profile is distorted to the most extent (see Fig. 6(b)) due to SC effect.
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FIG. 5. Electric potential φ(x, t) and charge density ρ(x, t) for classical and relativistic cases. Parameters:
m = 4. Classical: (a-b) β4 = 0.62, v0 = cˆ/60, φg = 1; relativistic: (c-d) β4 = 0.97, v0 = 0.1cˆ, φg = 900.
Then we show that our simulation also treats the null-velocity case for the time-dependent charge
in-flow.
IV. CONCLUSION
In summary, this paper addresses the question whether time-varying injection from cathode
can push a transmitted current density through anode more than the conventional SC limit. Note
that in our paper the injection beam is assumed to be cold and possesses no thermal spread at any
instant in time for simplicity3,30. From our simulations based on the 1D pressureless Euler-Poisson
12
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FIG. 6. (a) Scaled transmitted charge [cf. Eq. (20)] and scaled current density [cf. Eq. (21)]. (b)
Injection charge density ρ(t) (dashed curves) and transmittance profiles at anode jA(t) (solid curves). Note
the curves in (a-b) are plotted in different scales labeled on the left and right sides of the line graph. Other
marks are the same as Fig. 2. Parameters: m = 5, τp = 4, v0 = 0, φg = 1. [Associated dataset available at
http://dx.doi.org/10.5281/zenodo.836163]29
equations, we speculate that the answer is negative under the condition of a fixed voltage difference
across the diode. We also extend the classical diode to relativistic regime when initial velocity
of electrons is close to the speed of light or when the diode voltage contributes to relativistic
acceleration.
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Appendix A: Detailed derivation of relativistic extension for 1D electron flow
In this section, we start from the full relativistic formulation for the same 1D electron flow
problem in Sec. II, using covariant four-vector31 and then simplify it to a new differential equations
system, Eqs. (16), (17) and (18) therein. There can be many relativistic versions of our problem,
for instance see Ref.32. We choose to formulate in a simple way to be reducible to classical regime
when v  c.
We use four-vector in SI units (instead of natural units as convention) to represent every vec-
torial physical quantity in contra-variant components but the final main equations will be scaled
under the same scaling of Eq. (4). Hence, the classical current density j, vector potential A and
static field Ex are replaced by four current Jµ, four potential Aα, the electromagnetic tensor Fαβ
respectively with the metric tensor gµν and four velocity U being used. The detailed definitions are
given as
Jµ = (cρ, j), (A1)
Aα = (
φ
c
,A). (A2)
∂ν : =
( ∂
c∂t
,−∇), (A3)
∂ν : =
( ∂
c∂t
,∇), (A4)
Fαβ = ∂αAβ − ∂βAα =

0 −Ex/c −Ey/c −Ez/c
Ex/c 0 −Bz By
Ey/c Bz 0 −Bx
Ez/c −By Bx 0

, (A5)
gµν = diag(1,−1,−1,−1). (A6)
Uα = γ(c, v), (A7)
Uα = γ(c,−v). (A8)
Therefore, the covariant formulation for the electron flow problem in the three equations33 is writ-
ten as
∂µJµ = 0, (A9)
dUα
dτ
=
q
m
FαβUβ, (A10)
∂αFαβ = µ0Jµ (A11)
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We choose Coulomb gauge so that Poisson equation remains unchanged34
∇2φ = ρ(x, t)
0
, (A12)
(∇2 − 1
c2
∂2t )A = −µ0jt. (A13)
Since only 1D situation is considered, j = xˆ j and ∇ × j = 0 means the transverse current vanishes
jt = 034. It is legitimate to choose
A = 0. (A14)
Then the magnetic field also vanishes, which is consistent with that 1D time-dependent electric
field induces no magnetic field from Faraday’s law of induction34. Eq. (A10) leads to
d(γv)
γdτ
=
q
mc
(−∂xφ)c = qmF
10c =
q
m
Ex. (A15)
It is noted that the equation Eq. (A15) differs from γ∂tv = qEx/m. From Eq. (A15) and γdτ = dt
we have the scaled relativistic dynamical equation [cf. Eq. (4)] as
d
dt
[
γ(v) · v(x, t)] = ∂xφ, (A16)
which is expanded as
γ3
d
dt
v(x, t) = ∂xφ. (A17)
The sign appears reverse because of the negative sign of q. Eqs. (A9), (A17) and (A12) can be
written as Eqs. (16), (17) and (18) .
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